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Abstract
, Newton ,
2 . , 1
:1 Aberth 3 , 1




$F(x, u_{1}, \ldots, u_{t})$ $\mathbb{C}$ , $x$ , $u_{1},$ $\ldots,$ $u\iota$ }
$s_{1}\ldots,$ $s\iota$ 1 $F(x, s_{1}, \ldots, s_{l})$ . ,
$F(x, u_{1}, \ldots , u_{l})=0$ , $x$ , $u_{1},$ $\ldots,u\iota$ , ,
$u_{1},$ $\ldots,$ $u_{l}$
$x=\chi(u_{1}, \ldots, u\iota)$ ( ) .
, $(u_{1}, \ldots, u_{t})$ $(s_{1}, \ldots, s_{t})$ $u$ $s$ .
Newton ([8], [9]) , ,
, , 1 . 1
, 1 ,
, 1 \langle [11], , ,
.
, Newton , , Newton 2
, Nourein [10] [7] .
, Durand-Kerner ([3], [6]) 2 , ,
2 .
, Newton 2 , 2 .
1 Aberth , 3 , 1 Pad\’e
, ([12], [15]) , .
, , Newton .
, , Newton ,
.
$r_{t\cdot ruiu\cdot th}$ tsukuba. ac. jp
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. 2 , Newton ,
. 3 , Newton 3 , 4 ,
. 5 , ,
, 6 .
2 Newton
, , Newton , .
2.1
1 $P(x)$ .
$P(x)=x^{n}+a_{n-1}x^{n-1}+\cdots+a_{0}x^{0}$ , $a_{n-1},$ $\ldots,a_{0}\in \mathbb{C}$ .
Newton $P(x)$ 1 . $P(x)$ , $z^{(k)}$
$k$ , $z^{(k+1)}$
$z^{(k+1)}=z^{(k)}- \frac{P(z^{(k)})}{P(z^{(k)})}$ , (1)
, 2 . , 3
$z^{(k+1)}=z^{(k)}- \frac{P(z^{(k)})P’(z^{(k)})}{\{P’(z^{(k)})\}^{2}-\frac{1\wedge}{2}P(z^{(k)})P’’(z^{(k)})}$. (2)
Halley . , ,
Nourein [10] .
, $P(x)$ . , 2





. , $i=1,$ $\ldots,$ $n$ , Durand-Kerner






$F(x, u)$ $\mathbb{C}$ , $x$ , $s=(s_{1}, \ldots, s_{I})\in \mathbb{C}^{l}$
, $F(x, s)$ . $\deg_{x}F=n$ , $S=(u_{1}-s_{1}, \ldots, u\iota-s_{l})$
. $F’(x, u),$ $F”(x, u),$ $\ldots$ , $F$ $x$ 1 , 2 , $\cdot$ . . .
$u$ $\mathbb{C}$ $\mathbb{C}[[u]]$ . , $F(x, u)=0$
$x$ $x=\chi(u)\in \mathbb{C}[[u]]$ . Newton ,
, , 1 ,
.
, . 1 $F(x, s_{1}, \ldots, s_{l})=0$ 1 $x=x^{(0)}\in \mathbb{C}$ ,
$x^{(0)}$ .
$F(\chi^{(0)}, u)\equiv 0$ mod $S$.
$x=\chi(u)$ , $k$ $\chi^{(k)}(u)$ ,
$\chi^{(k+1)}(u)$ , , .
1
$x^{(k+1)} arrow x^{(k)}-\frac{F(\chi^{(k)},u)}{F(\chi^{(0)},\epsilon)}$ mod $S^{k+2}$ (5)
, $F(\chi^{(k+1)}, u)\equiv 0$ mod $S^{k+2}$ . , 2 , 3 ,
$x^{(k+1)} arrow\chi^{(k)}-\frac{F(\chi^{(k)}u)}{F(\chi^{(k)}’,u)}$ mod $S^{2^{k1}}\perp$ , (6)
$x^{(k+1)} arrow x^{(k)}-\frac{F(\chi^{(k)},u)F’(\chi^{(k)},u)}{\{F’(\chi^{(k)},u)\}^{2}-\frac{1}{2}F(\chi^{(k)},u)F’(\chi^{(k)},u)}$ $mod S^{3^{k+1}}$ , (7)
. (6) $F(\chi^{(k+1)}, u)\equiv 0$ mod $S^{k+2}$ , (7) $F(\chi^{(k+1)}, u)\equiv 0$ mod $S^{3^{k+1}}$
. (6), (7) , (1), (2) . (7) ,
Nourein [10] , Kitamoto [7]
.





$x=\chi_{i}(u)(i=1, \ldots, n)$ , $k$ $\chi_{i}^{(k)}(u)$ ,
$\overline{Q}_{k}(x,u)=(x-\chi_{1}^{(k)}(u))\cdots(x-\chi_{\mathfrak{n}}^{(k)}(u))$ (8)
. , $\chi_{i}^{(k+1)}(u)$ , ,
.
1
$x_{i}^{(k+1)} arrow x_{i}^{(k)}-\frac{F(\chi_{i}^{(k)},u)}{Q_{0}(\chi_{i}^{(0)},u)}$ mod $S^{k+2}$ (9)
, $F(\chi_{i}^{(k+1)}, u)\equiv 0$ mod $S^{k+2}$ . , 2
$x_{i}^{(k+1)} arrow x_{i}^{(k)}-\frac{F(\chi_{i}^{(k)},u)}{\overline{Q}_{k}(x!^{k)},u)}$ mod $S^{2^{k+1}}$ (10)




, Aberth (4) Newton (Algorithm 1)
.
$InPut:Algorithm1$
Aberth }-\acute Newton $\Pi\overline{p}$
. $F(x,u)$ : $\chi_{1}(u),$ $\ldots,$ $\chi_{n}(u)$ ,
$F(x, u)=(x-\chi_{1}(u))\cdots(x-\chi_{n}(u))$ ,
. $S=(u_{1}-s_{1}, \ldots, u\iota-s_{l})$ : ,
$\bullet$ $\{\chi_{1}^{(k)}(u), \ldots, \chi_{n}^{(k)}(u)\}$ : $k$ $\chi_{1}(u),$ $\ldots,$ $\chi_{n}(u)$ ,
$F(\chi_{i}^{(k)},u)\equiv 0$ mod $S^{3^{k}}$
;
Output: $\{\chi_{1}^{(k+1)}(u), \ldots, \chi_{n}^{(k+1)}(u)\}$ : $k+1$ $\chi_{1}(u),$ $\ldots$ , $\chi_{n}(u)$
;
for $i=1$ to $n$ do
(8) $\overline{Q}_{k}(x, u)$ :
$x_{i}^{(k+1)}$ :
$x!^{k+1)} arrow x!^{k)}-F(\chi_{i}^{(k)},u)\overline{Q}_{k}(\chi_{i}^{(k)},u)-\frac{\ovalbox{\tt\small REJECT}_{1}}{2}F(x!^{k)}F(\chi_{i}^{(k)},u)\cdot\overline{Q}_{k}’(\chi_{i}^{(k.)},u)u)\overline{Q}_{k}(\chi_{i}^{(k)},u)$ mod $S^{3^{k+1}}$ ; (11)
end for;
return $\{\chi_{1}^{(k+1)}(u), \ldots , \chi_{n}^{(k+1)}(u)\}$ . $I$
Algorithm 1 3 , .
1





. $x_{i}^{(0)}\in \mathbb{C}(i=1, \ldots, n)$ $\chi_{i}(u)$ ‘ ” ,
$F(x, u)\equiv(x-\chi_{1}^{(0)})\cdots(x-\chi_{n}^{(0)})$ mod $S$ (12)
. $k=0,1,2,$ $\ldots$ , $\chi_{i}^{(k+1)}(u)$ , Algorithm 1 $\chi_{i}(u)$
$k+1$ . , $k=0,1,2,$ $\ldots$ , $x!^{k)}(u)$
$F(x!^{k)},u)\equiv 0$ mod $S^{3^{k}}$ (13)
.
Terui [14] . $\blacksquare$
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4
, Pad\’e , Newton
.
, 1 Pad\’e .
2
$P(x),$ $Q(x)$ $\mathbb{C}$ 1 , $P(x),$ $Q(x)$ $M,$ $N$ .




$F(x)Q(x)\equiv P(x)$ mod $(x-x_{0})^{M+N+1}$ ,
, $r_{M,N}$ $x=x_{0}$ $F(x)$ $[M/N]$ -Pad\’e . I
, .
3
$P(x, u),$ $Q(x, u)\in \mathbb{C}[x, u]$ , $P,$ $Q$ $x$ $M,$ $N$ .
$\chi(u)\in \mathbb{C}[[u]]$ $u$ ( ) , $Q(\chi(u), u)\neq 0$
. $F(x, u)$ $x=\chi(u)$ Taylor
$F(x,u)=a_{0}+a_{1}(x-\chi(u))+a_{2}(x-\chi(u))^{2}+\cdots$
. $r_{M,N}$
$F(x)Q(x)\equiv P(x)$ mod $(x-\chi(u))^{M+N+1}$ ,
, $r_{M,N}$ $x=\chi(u)$ $F(x)$ $[M/N]$ -Pad\’e . I






$Q_{i}^{(k)}(x,u)= \prod_{l=1,\neq i}^{n}(x-\chi_{i}^{(k)}(u))$ (14)
,
$P_{i}^{(k)}(x, u)= \frac{F(x,u)}{Q_{1}^{(k)}(x,u)}$ (15)
, Pad\’e Algorithm 2 .
, Algorithm 2 . $4\triangleleft$ Pad\’e
Sakurai et al. [12] . ,
. , $\chi_{i}$ ( )
$\overline{\chi}_{i}$ .
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Algorithm 2 $P$ d\’e Newton
Input:. $F(x, u)$ : $\chi_{1}(u),$ $\ldots$ , $\chi_{n}(u)$ ,
$F(x,u)=(x-\chi_{1}(u))\cdots(x-\chi_{n}(u))$ ,
. $S=(u_{1}-s_{1}, \ldots, u\iota-s_{l})$ : ,
$\bullet$ $\{\chi_{1}^{(k)}(u), \ldots,\chi_{n}^{(k)}(u)\}$ : $k$ $\chi_{1}(u),$ $\ldots,$ $\chi_{n}(u)$ ,
$F(\chi_{i}^{(k)},u)\equiv 0$ mod $s^{(m+2)^{k}}$
;
Output: $\{\chi_{1}^{(k+1)}(u), |\chi_{\mathfrak{n}}^{(k+1)}(u)\}$ ; $k+1$ $\chi_{1}(u),$ $\ldots,$ $\chi_{n}(u)$
for $i=1$ to $n$ do
(14), (15) $P_{i}^{(k)}(x, u)$ , $P_{i}^{(k)}(x, u)$ $x=\chi_{i}^{(k)}(u)$ $[1/m-1]$-Pad\’e
$R_{1}^{(k)}(x, u)$ ;
$x$ 1 $R_{i}^{(k)}(x, u)=0$ , $S^{(m+2)^{k+1}}$
$\chi_{1}^{(k+1)}(u)$ ;
end for;
$returnn\{x_{1}^{(k+1)}(u), \ldots, \chi_{n}^{(k+1)}(u)\}$.$\iota\ovalbox{\tt\small REJECT}$.
4 ([12, Lemma. 3])
$F(\overline{\chi}_{i}, u)\neq 0$ , $G_{m}(x, u)$ $x=\overline{\chi}_{i}(u)$ $1/F(x, u)$ $x$ $m$ ( )
Taylor :
$G_{m}(x, u)= \sum_{i=0}^{m}(\frac{1}{i!})\{(\frac{1}{F})^{(i)}(\overline{\chi}_{i})\}(x-\overline{\chi}_{i})^{i}$ .
, $1/G_{m}(x, u)$ $x=\overline{\chi}_{i}(u)$ $F(x, u)$ $x$ $[O/m]$ -Pi\’e . $\blacksquare$
, Pad\’e “reciprocal covariance” . $[$2, $P$ . 118$]$ .
5([12, Lemma 4])





6 ([12, Lemma 5])
$F(x, u)$
$F(x, u)= \frac{x-\chi_{l}(u)}{\varphi(x)}$ , $\varphi(\overline{\chi}_{i}(u))\neq 0$
. , $x=\overline{\chi}_{i}$ $F(x, u)$ $x$ $[1/m-1]$ -Pad\’e $\hat{\chi}_{i}$
$\hat{\chi}_{i}\equiv\overline{\chi}_{i}+\epsilon_{1}-\frac{\varphi^{(m)}(\overline{\chi}_{i})}{m!\varphi(\overline{\chi}_{i})}(\epsilon_{i})^{m+1}$ mod $(\epsilon_{i})^{m+2}$ , $\epsilon_{i}=\chi_{i}-\overline{\chi}_{i}$
. I
7





. $x!^{0)}\in \mathbb{C}(i=1, \ldots, n)$ $\chi_{i}(u)$ ‘ ” ,
$F(x,u)\equiv(x-\chi_{1}^{(0)})\cdots(x-\chi_{n}^{(0)})$ mod $S$, (16)
. $k=0,1,2,$ $\ldots$ , , $\chi_{i}^{(k+1)}(u)$ , Algorithm 2 $\chi_{i}(u)$
$k+1$ . , $k=0,1,2,$ $\ldots$ , $\chi_{i}^{(k)}(u)$
$F(\chi_{i}^{(k)},u)\equiv 0$ mod $S^{(m+2)^{k}}$ (17)
.
Terui [14] . 1
7 , Algorithm 2 $m+2$ . $m=1$ Algorithm 1
.
5
, Algorithm 2 , Algorithm 1 2
.
, $n$ 1 ( )
$M(n)$ ( von zur Gathen and Gerhard [4, Definition 826]
) . , $u$ 1 $\mathbb{C}[[u]][x]$ ,
, .
, Algorithm 2 , Algorithm 1 .
Algorithm 2 , 1 $R_{i}^{(k)}(x, u)=0$ $x$ , , 5 ,
$\overline{\chi}_{i}+m\{\frac{(\frac{Q_{1}^{(k)}(x,u)}{F(x,u)})^{(m-1)}1_{x\approx\chi^{(k)}(u)}}{(\frac{Q_{i}^{(k)}(x,u)}{F(x,u)})^{(m)}1_{x\simeq x!^{k)}(u)}}\}$ (18)
88
, , $\chi_{i}^{(k+1)}(u)$ . ,
$\overline{R}_{i}^{(k)}(x, u)=(\frac{Q_{i}^{(k)}(x)u)}{F(x,u)})^{(m-1)}/(\frac{Q_{i}^{(k)}(x)u)}{F(x,u)})^{(m)}$ (19)
, , (19) $x$ $\chi_{i}^{(k)}(u)$ , $\overline{R}_{i}^{(k)}(\chi_{;}^{(k)}(u), u)$
.
, $\overline{R}_{i}^{(k)}(\chi_{i}^{(k)}(u), u)$ $F(x, u)$ $Q_{i}^{(k)}(x, u)$
, $\overline{R}_{i}^{(k)}(\chi_{i}^{(k)}(u), u)$ $x$ ( Terui
[14] ) .
$m=01,2,$ $\ldots\}^{\vee}.*$}$\Re g_{8},(\frac{Q_{i ^{(k)}(x,u)}{F(x,u)}I^{(m)}$ $\theta*$ , \epsilon $N_{m},$ $D_{ r\iota}$ . , $m\geq 1$
, $N_{m}$ $D_{m}$ .
$N_{m}=N_{m-1}’F(x,u)-mN_{m-1}F’(x,u)$ , $D_{m}=F(x,u)^{m+1}$ . (20)








, Algorithm 2 $k$ , $u$ $(m+2)^{k}$
. , $k$ , $u$ 1
$O(M(m^{k}))$ .
$Q_{i}^{(k)}(x, u)$ “building uP the subproduct tree” [4, Algorithm 10.3] .
, $\mathbb{C}[[u]]$ $M(n)\lceil\log_{2}(n-1)\rceil$ . , $Q_{i}^{(k)}(x, u)$
$O(M(n)\lceil\log_{2}(n-1)\rceil M(m^{k}))$ (22)
.
, $\overline{R}_{i}^{(k)}(x, u)$ , (20) , $N_{m-1}$ $N_{m}$ (21)
. 8 , $N_{j-1}$ $x$ $j(n-1)$ , $N_{j}$
$O(M(jn)M(m^{k}))$ (23)




$\overline{R}_{i}^{(k)}(x, u)$ , $x$ $\chi_{i}^{(k-1)}(u)$ , $u$ $m^{k}$ , ,
, Horner $O(M(n))$ ( ,
van der Hoeven [5] ). $\overline{R}_{i}^{(k)}(x, u)$ $x$ , $mn+n-m$,
$mn+n-m-1$ ( 9) , $O(mn)$
. ,
$O(mnM(m^{k}))$ (25)
. , $\overline{R}_{i}^{(k)}(\chi_{i}^{(k)}(u), u)$
$O(M(m^{k}))$ . (26)
.
, (22)$-(26)$ , $k$ 1
, (24) . Algorithm 2 $n$ ,




7 , $S^{(m+2)^{k}}$ ,
$\sum_{l=1}^{k}O(n(\sum_{j=1}^{m}M(jn))M(m^{l}))$ (28)
. $\blacksquare$
$u$ 1 $u$ , $M(n)=O(n^{2})$ (
, van der Hoeven [5], Schost [13], )
, .
11




rui [14] . 1
(29) , $k$ , $u$ $P$
, . $m+2$ , $P$ $P=(m+2)^{k}$ , (29)
$O((\log_{m+2}p)n^{3}m^{3}p^{2})$ . (30)
.
Algorithm 1 , (11) , , 9 $m=1$
, Algorithm 2 $m=1$ .
90
6




(Kitamoto $\int 7$, Chapter 5]) , $y$ $S=(y)$ . , $x$
$\chi_{i}(y)(i=1,2,3)$
$F(\chi_{i}(y),y)\equiv 0$ mod $y^{16}$ (31)
, $y$ 16 .
, ‘ ” $x_{i}^{(0)}\in \mathbb{C}(i=1,2,3)$ ( $F(\chi_{i}^{(0)}, y)\equiv 0$ mod $y$
) . $F(x,O)=x^{3}-6x^{2}+11x-6=(x-1)(x-2)(x-3)$ ,
$\chi_{1}^{(0)}=1$ , $\chi_{2}^{(0)}=2$ , $\chi_{3}^{(0)}=3$
.
$k$ $\chi_{1}^{(k)}(y)(i=1,2,3)$ ( $F(\chi_{i}^{(k)}(y), y)\equiv 0$
mod $y^{4^{k}}$ ) . $k=1$ , (14) $Q_{i}^{(1)}(x$ , .
$Q_{1}^{(1)}(x,y)=(x-2)(x-3)$ , $Q_{2}^{(1)}(x,y)=(x-3)(x-1)$ , $Q_{3}^{(1)}(x,y)=(x-1)(x-2)$ .
( , 8 , (21) $\overline{R}^{(1)}$ , ) , (18), $(I9)$ , $S^{4}$












( , 8 , (21) $\overline{R}_{i}^{(2)}$ , ) , (18), (19)












, (31) , \emptyset $=\chi_{i}^{(2)}(y)(i=1,2,3)$ . $\blacksquare$
7
, Newton , 2 : 1 Aberth
3 , 1 Pade , . ,
, .
, , , Newton
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